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Abstract 

We prove the following gradient inequality for the subelliptic heat kernel on nilpotent Lie groups G of H-type: 

|VP t /| < KP t (\Vf\) 

where P t is the heat semigroup corresponding to the sublaplacian on G, V is the subelliptic gradient, and 
K is a constant. This extends a result of H.-Q. Li [TU] for the Heisenberg group. The proof is based on 
pointwise heat kernel estimates, and follows an approach used by Bakry, Baudoin, Bonncfont, and Chafai' 
®. 

Key words: heat kernel, subelliptic, hypoelliptic, Heisenberg group, gradient 
2000 MSC: 35H10, 53C17 



1. Introduction 

In [TU], H.-Q. Li proved the following gradient inequality for the heat kernel on the classical Heisenberg 
group of real dimension 3: 

\VP t f\<KP t {\Vf\) (1.1) 

where P t is the heat semigroup corresponding to the usual sublaplacian on the Heisenberg group G, V is 
the corresponding subgradient, if is a constant, and / is any appropriate smooth function on G. This was 



the first extension of (1.1 1 to a subelliptic setting; the elliptic case was shown by Bakry pQ, [2J, and in the 
case of a Ricmannian manifold corresponds to a lower bound on the Ricci curvature. 

The proof in |10j relies on pointwise upper and lower estimates for the heat kernel, and a pointwise upper 
estimate for its gradient, both of which were obtained in [11 in the context of Heisenberg groups of any 
dimension. [5] contains two alternate proofs of ( |1.1[ ) for the classical Heisenberg group, also depending on 
the pointwise heat kernel estimates from |llj . Earlier, Driver and Melcher in [5] had shown a partial result: 
that for any p > 1 there exists a constant K p such that 

|VP t /| p < K p P t (\Vf\ p ). (1.2) 

Their argument proceeded probabilistically via methods of Malliavin calculus and did not depend on heat 



kernel estimates, but they also showed that it could not produce (1.1 1, which is the corresponding estimate 
with p = 1. [13] extended the "L p -type" inequality ( |1.2| to the case of a general nilpotent Lie group, at the 
cost of replacing the constant K p with a function K p (t). 



In [B], we were able to show that pointwise heat kernel estimates analogous to those of [TTJ (see (2.8 -2.10)) 
hold for Lie groups of H type, a class which generalizes the Heisenberg groups while retaining some rather 
strong algebraic properties. (H-type groups were introduced by Kaplan in [3]; a useful reference and primer 
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is Chapter 18 of [3].) The purpose of the present article is to show that given these heat kernel estimates, 



the first proof from [3] can be adapted to establish the inequality ( 1.1 1 in the setting of H-type groups. Our 
proof approximately follows the structure of the first proof from [3] but may be read independently of it, 
and is more explicitly detailed. 

2. Definitions and notation 

In order to fix notation, we give a definition of H-type groups and accompanying concepts. Our notation, 
where applicable, matches that of [B]. 

A finite-dimensional Lie algebra g (with nonzero center 3), together with an inner product (•, •), is said 
to be of H type or Heisenberg type if the following conditions hold: 

i- \i ± ,i ± ] = 3; and 

2. For each 263, the map J z : 3 1 - — > 3 1 - defined by 

( J x x, y) = {z, [x, y]) for x, ye} 1 - (2.1) 
is an orthogonal map when (z, z) = 1. 

A connected, simply connected Lie group G is said to be of H type if its Lie algebra g is equipped with an 
inner product satisfying the above conditions. 

It is easy to see that an H-type Lie algebra (respectively, Lie group) is a step 2 stratified nilpotent Lie 
algebra (Lie group). The special case m = 1 produces the isotropic Heisenberg or Heisenberg- Weyl groups, 
and the case n = m = 1 gives the classical Heisenberg group of dimension 3 discussed in f3. . 

As usual, G can be identified as a set with g, taking the exponential map to be the identity. By fixing an 
orthonormal basis for g = 3^ 03, we can identify G and g with Euclidean space equipped with an appropriate 
bracket, as the following proposition states. (The proof is uncomplicated.) 

Proposition 2.1. If G is an H-type Lie group identified with its Lie algebra g, then there exist integers 
n,m> 0, a bracket operation [•, •] on M 2n+m = R 2n x R m , and a map T : G -> R 2n + m such that T : g -> 
(M 2n+m , [•,•]) is a Lie algebra isomorphism, T3 = x R m , and T is an isometry with respect to the inner 
product (•, •) on g and the usual Euclidean inner product on M. 2n+m . If we define a group operation * on 
jj2n+m as usua i v i a v £ w = v _|_ w _|_ ijvjiy], then T : G — * (R 2n+m , ★) is a Lie group isomorphism, which 
maps the center of G to x K m . The identity of G is and the group inverse is given by g^ 1 = —g. 

Henceforth we make this identification, and assume that our Lie group G is just K 2n +™ 1 with an appropri- 
ate bracket [•, •] and corresponding group operation 7k-. We let {ex, . . . , &2n\ denote the standard orthonormal 
basis for K 2n x C G, and {u%, . . . , u m } the standard orthonormal basis for x M. m C G, and write elements 
of G as g = (x, z) = x l ei + Yl j z 3 Uj. The maps J z can then be identified with skew-symmetric In x 2n 
matrices, which are orthogonal when \z\ = 1. 



We remark a few obvious consequences of (2.1 1: 



Proposition 2.2. 1. J z depends linearly on z; 

2. \J z x\ = \z\ \x\, and by polarization (J z x,J w x) — (z,w) \x\ 2 and (J z x,J z y) = \z\ 2 (x,y); 

3. (J z x,x) — 0, so J* — —J z . 

4. J* = -\z\*I. 

We note that Lebesgue measure m on R 2n + m = G is bi-invariant under the group operation, and thus 
m can be taken as the Haar measure on the locally compact group G. 
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For i = l,..., 2n, let Xi be the unique left-invariant vector field on G, and the unique right-invariant 



vector field, such that Xj(0) = Xi(0) 



We can write 



Xif(g) 



d 
ds 



f{g*(sei,Q)), Xif{g) 



s=0 



ds 



f((aei,0)*g). 



(2.2) 



s=0 



A straightforward calculation shows 



Xi 



Xi 



9 X] (^') ;E| ei ) 



_d_ 

dx 



(2.3) 



We note that [Xi, Xj] = for all i,j. 

As a consequence of the H-type property, the collection {Xi(g),[Xi, Xj](g) : i,j = l,...,2n} C T g G 
spans T g G for each g £ G. Such a collection is said to be bracket- generating. 

The left-invariant subgradient V on G is given by V/ = (X\f, . . . ,X2 n f), with the right-invariant V 
defined analogously. We shall also use the notation V x f ■= (gfr/> • • • > ej^/) and := (aP"/' • • • > d§^f) 
to denote the usual Euclidean gradients in the x and z variables, respectively. Note that V z is both left- 
and right-invariant. From (2.3 1 it is easy to verify that 



Vf(x,z) = S7 x f(x,z) + -J^ z f( x , z )X 

V/(X,Z) = V x f(x,z) - ^J^ z f(x,z)X 

In particular, since J z depends linearly on z and is orthogonal for \z\ = 1, we have 

(V-V)/(x,z) = \x\\VJ(x,z)\. 



(2.4) 



(2.5) 



Y 2 ■ 

A 2n> 



We shall make use of this fact later. 

The left-invariant sublaplacian L is the second-order differential operator defined by L = X'f + ■ 
L is subelliptic but not elliptic. By a renowned theorem due to Hormander [7], the bracket-generating 
condition implies that L is hypoelliptic, so that if Lf € C°° then / 6 C 00 ; the same holds for the heat 
operator L — J|. L is an essentially self-adjoint operator on L 2 (m), and we let P t := e tL be the heat 
semigroup corresponding to L. P t has a convolution kernel p t , so that 



Ptf(g)= / f(g*k) Pt (k)dm(k). 
Jg 

By hypoellipticity, pt is a smooth function on G. An explicit formula for p t is known: 



p t (x,z) = (2Tr)- m (4Tr)- 



= i<A, z )-i|A|coth(t|A|)| £c | 2 



sinh(t |A|) 



dX. 



(2.6) 



(2.7) 



See, among others, [15] for a derivation of (2.7 1. We note in particular that pt is a radial function; i.e. 
Pt{x, z) is a function of |x| , \z\. This is unsurprising in light of the fact, easily verified, that L maps radial 
functions to radial functions. 

For a > 0, define the dilation ip a : G — > G by ip a (%, z) = (ax, a 2 z); then is a group automorphism of 
G. A straightforward computation shows that Xi(f o <^ a ) = a(Xif) o <^ a , and Pt(/ ° Va) = (Pa 2 tf) ° <^a- 

We now make some definitions concerning the geometry of G. An absolutely continuous path 7 : 
[0, 1] — > G is said to be horizontal if there exist absolutely continuous a, : [0, 1] — ► R such that 7ft) = 

3 



1/2 



Si=i a i(t)^i(l(t))- I n such a case the speed of 7 is given by ||7(t)|| := (53i=i a i(^) 2 J ■ (This corresponds 
to taking a subriemannian metric on G such that {Xi} are an orthonormal frame for the horizontal bundle; 
see [14j for an exposition of these ideas from subriemannian geometry.) The length of 7 is defined as 
£[7] :— J ||7(f) || dt. The Carnot-Caratheodory distance between two points g, h £ G is 

d(g, /i) := inf [7] : 7 horizontal, 7(0) = g, 7(1) = h} . 

By the left-invariance of the vector fields Xi, it follows that d(g, h) = d(kg, kh). 

By Chow's theorem, the bracket-generating condition implies that d(g, h) < 00 for all g,h £ G. An 
explicit formula for d and for length-minimizing paths (geodesic) can be found in [Fj. For the moment we 
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note that <i(0, (x, z)) x |x| + \z\ 1 , where the symbol x is defined as follows. 

Notation 2.3. If X is a set, and a, 6 : X — > E are real-valued functions on X, we write oxdto mean that 
there exist positive finite constants C\,C% such that C\b{x) < a(x) < C2b(x) for all x £ X. We will also 

write a X £> if the domain where the estimates hold is not obvious from context. 

We will make extensive use of the following precise pointwise estimates on the heat kernel p t , which were 



obtained in [B] by using the explicit formula (2.7): 

l + (rf(0,( a ;,z))) 2 "-" t - 1 _ 

pi(x,z) x r e 

l + tMdtO.Or,*)))"-* 

|Vp x (a;, z)| < C{1 + d(0, (x, z)))pi(a;, z) 

|V z pi(x, z)| < Cpi(x,z). 



(2.8) 

(2.9) 
(2.10) 



We can combine (2.9) and (2.101 using (2.51 to obtain 



Vpi(x,z) <C(l + d(0,(x,z))) Pl {x,z). (2.11) 
Let C be the class of / £ C 1 (G) for which there exist constants M > 0, a > 0, and e £ (0, 1) such that 



1/(5)1 + |V/( 5 )|+ V/( 5 ) 



< Me ad(0 ' ff)2 



for all g € G. By the heat kernel bounds (2.8 1, the convolution formula (2.6) makes sense for all / £ C, and 



thus we shall treat (2.6 1 as the definition of P t f for / £ C. It is easy to see, by the translation invariance of 



the Haar measure m, that P t remains left invariant under this definition. 
The main theorem of this article is the following: 

Theorem 2.4. There exists a finite constant K such that for all f £ C, 

|VP t /| < KP t {\Vf\). (2.12) 
Following an argument found in [5J, by left-invariance of P t and V, we see that in order to establish 



(2.121 it suffices to show that it holds at the identity, i.e. to show 

|(VP t /)(o)|<jrp t (|v/|)(o). 



(2.13) 



It also suffices to assume t = 1. This can be seen by taking t = 1 in (2.131 and replacing / by / o tp s i 



Therefore, in order to prove Theorem 2.4 it will suffice to show |(VPi/)(0)| < KPiQ V/|)(0). We may 
replace V by V on the left side, since V = V at 0. Since [Xj,X,] = 0, we expect that V should commute 
with P t , which we now verify. 



Proposition 2.5. For f £ C, VP t /(0) = (P t V/)(0). 
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Proof. By (2.2) and (2.6) we have 



X l P t f(0) 



ds 
d 
ds 



Ptf(se u O) 



s=0 



f((sei,Q)*k)p t (k) dm(k). 



=0-1 G 



We now differentiate under the integral sign, which can be justified because 

d 



ds 



d 
da 
d 

da 



f(((s + a)e l ,0)*k) 



<T = 



/((<re f ,0) * (se,-,0) *fc) 



But 



(T = 

= X l /((se l ,0)*fc) 



d(0, (se h 0) * k) = d((se u 0)" 1 , fc) = d((-sci, 0), fc) 

< d(0, (-sei, 0)) + d(0, k) = \s\ + d(0, k). 



Thus for all s £ [—1,1] we have 



-/((se I; 0)*fc) 
as 



for some M',a', and therefore by the heat kernel bounds (2.8 1 we have 

d 



sup 

G «e[-i,i] 



ds 



f((sei,0)*k) 



Pt(k) dm(k) < oo 



which justifies differentiating under the integral sign. Thus 

d 



XiP t f(0) 



G 



ds 



f((sei,0)*k)pt(k) dm(k) 



= / Xif(k) Pt (k) dm(k) 

JG 

= PtXJ(0). 



This completes the proof. 



Thus Theorem 2.4 reduces to showing 

(PxV/HO) KY\[ V/lK.Oi 

or in other words 



(Vf)pi dm 



<K / |V/|pi dm 
'g 



for which it suffices to show 



((V-V)/)pi dm 



g 



<K / | V/|pi dm. 



A similar argument can be used to verify the following integration by parts formula. 
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□ 

(2.14) 
(2.15) 
(2.16) 



Proposition 2.6. If f £ C, then 



(Vpi)/ dm 



G 



(Vf)pi dm 



(V/)pi dm =- / (V P i)fdm 

G 



(2.17) 



Proof. Tentatively, we have 



fXiP\)dm= \ X l {fp Y )dm 



ds 



s=0 



d 

ds 
d 
ds 



,=0->G 



s=0 JG 



(fPi)(9*(se t ,0))dm(g) 
(fPi)(9*(sei,0))dm(g) 
(fpi)(g)dm(g) = 



by right invariance of Haar measure m. It remains to justify the differentiation under the integral sign in 
the third line. We note that 



sup 

g »e[-i,i] 



-(fPi)(9*(seuO)) 



dm(g) 



< 



sup \Xi(fpi)(g*(sei,0))\ dm(g) 

G ae[-l,l] 

sup \((X i f)p 1 )(g*(8e i ,0))\ dm(g) 
g se[-i,i] 



sup \{fX i p 1 ){g-k (se u 0))| dm(g). 

G s£[-l,l] 



The first integral is easily seen to be finite by the definition of C and the heat kernel estimate (2.8 1, by 



similar logic to that in the proof of Proposition 2.5 The second integral is similar; we may bound |Vpi| 
using the estimates (2.9 1 and (2.8 1. 

To show the second identity, involving V, the s ame argum ent applies, using instead the left invariance 



of Haar measure. We can bound 



Vpi 



using (2.111 and (2.8 1 



□ 



We now introduce an alternate coordinate system on G, similar but not exactly analogous to the so-called 
"polar coordinate" system used in [5] • As shown in [B] , there is a unique (up to reparametrization) shortest 
horizontal path from the identity to each point (x, z) £ G with x, z nonzero; it has as its projection onto 
R 2 ™ x an arc of a circle lying in the plane spanned by x and J z x, with the origin as one endpoint, and x 
as the other. The region in this plane bounded by the arc and the straight line from to a; has area equal 
to \z\. The projection onto x K m is a straight line from to z. 

Our new coordinate system will identify a point [x, z) with the point u € M. 2n which is the center of the 
arc, and a vector n £ M. m which is parallel to z and whose magnitude equals the angle subtended by the arc. 
The change of coordinates (u, rj) i— ► (x, z) will be denoted by 

$ : {{u, T)) £ R 2n+rn : < \r)\ < 2vr} {(x, z) £ G : x ^ 0, z ^ 0} 



where 



*(u,»j) := (l~e J -) 



u. 



/, i i \ sin ry \u 

(1 - cos \t)\)u + rn J v u, — 




1 - 



sm \rj\ 



by Proposition 2.2 items [3] and [4] <I> has the property that for each (u, rf), the path s i— > 577) traces the 
shortest horizontal path between any two of its points, and has constant speed |u| \rj\. In particular, 



d(0,3(u,»j)) = MM- 



Also, for any / e C l {G), 



ds 



< |u|H|v/($(«,«»))|. 



Note that if (x, z) = /?), we have 



|a;| 2 = |m| 2 (2-2cos|t?|) 



-(M — sin |77|). 



To compare this with the "polar coordinates" (u, s) used in [3J, take u = u and s — \u\ r\. 
In (it, 77) coordinates, the heat kernel estimate (2.8) reads 



pi($(u, rj)) 



1 + (HM) 



In— m— 1 



1 + (\u\ 2 \r ] \y/2- 2 cos \rj\) n -i 

1 + (\u\ ^n-m-l 



-i(Hh\) 2 



l+(H 2 M 2 (2 7 r-|r ? |) 



_ e -|(MM) 2 



(2.18) 
(2.19) 



(2.20) 
(2.21) 



since 1 — cos 6 x 2 (2ir — 0) 2 for € [0, 27r]. We will often abuse notation and write pi(u, rf) for pi(<I>(u, 77)), 
when no confusion will result. 



3. Proof of the gradient estimate 

We now begin the proof of Theorem |2.4| which occupies the rest of this article. 

We begin by computing the Jacobian determinant of the change of coordinates <&, so that we can use 
(u, r/) coordinates in explicit computations. 



Lemma 3.1. Let A(u,rj) denote the Jacobian determinant of$, so that dm = A(u,rj) dudrj. Th 



en 



A ( u ^) = H 2m Q- 1 ( 2 - 2 cos| i 7ir- 1 (2-2cosH-|r 7 |sin|r 7 |). (3.1) 

Note that A(u, rf) depends on u, rj only through their absolute values |u| , \rj\. By an abuse of notation we 
may occasionally use A with u or rj replaced by scalars, so that A(r, p) means A(ru, pr)) for arbitrary unit 
vectors u,f). 

For the Heisenberg group with n = m = 1 , this reduces to 

A(u, rf) = \u\ 2 (2 — 2 cos \rj\ — \rj\ sin \rj\) . 
The analogous expression appearing in [3] is slightly incorrect. However, it does have the same asymptotics 



as the correct expression (see Corollary 3.2 1, which is sufficient for the rest of the argument in [3], so that 
its overall correctness is not affected. 

Proof. Fix u, rj. Form an orthonormal basis for T^ u rj ^~ 1 {G) = R 2n + m as follows. Let u be a unit vector in 
the direction of (u, 0), v a unit vector in the direction of (J n u, 0). For i = 1, . . . , n — 1 let Wi, fa € M 2 ™ x 
be unit vectors such that Wi is orthogonal to u,v,Wj,yj, 1 < j < i, and let fa be in the direction of J v Wi 
so that fa is orthogonal to u,v,Wj,yj, 1 < j < i as well as to Wi. (To see this, note that if (x,y) = and 
(x,J z y) = 0, then (J z x,y) = and (J z x,J z y) = — \z\ 2 (x,y) = 0.) Let r) be a unit vector in the direction 
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of (0, 77), and let fc = 1, . . . , to — 1 be orthonormal vectors in x M m which are orthogonal to fj. Then 
{u, v, Wi,yi,f),£k} form an orthonormal basis for R 2n+m . Note J v u — \rj\v, J v v — — \t]\ u, J v Wi = \r]\yi, 
J n yi = - M m. Then 

du$(u, i]) = (1 — cos \r]\)u + sin \r]\ v + \u\ (\rj\ — sin \rj\) fj 

dv$(u, 77) = (1 — cos |t7|)6 — sin \r]\ u 
dti,i®{u,ri) = (1 - cos |r7|)u>i + sin \rj\ yi 
dy z $(u,i]) = (1 - cos |f?|)yi - sin |ry| u>j 



\u\ (sin + \u\ (cos |r/|)w 

|2 



(1 — cos jr/l) r) 



8111 1 7 ?! t „ , H_ 
|r/| Cfc 2 



In this basis, the Jacobian matrix has the form 



1 



sin \r]\ 



j = 



I 1 — cos 
sin \r\\ 


\u\ {\r\ -sin|?/|) 

V 



— sin 1 77 1 
1 — cos \r\\ 
B 



\u\ sin \rj\ 
\u\ cos \r)\ 


M!(i-cos| 






* 



DJ 



(3.2) 



(2n+m)x(2n+m) 



where 



B := 



/l — cos |?y| — sin |r 
sin 1 77 j 1 — cos I 



V 



1 — cos |ry| — sin | ^7 1 
sinH l-cos|»7|/ 2( „_ 1)x2f „_ u 



(3.3) 



is a block-diagonal matrix of 2 x 2 blocks, and 

/|u£ (, _ sm\r,\ \ 
2 { L \n\ ) 



D :-- 



V 



Hi 
2 



( 1 _ si "l T ?l 1 



(m— l)x(m— 1) 
m— 1 



is diagonal. Note \B\ = (2 - 2 cos M)"- 1 and |D| = (^j! (l - 



(3.4) 
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So factoring out \D\ and expanding about the f] row, we have 



\J\ = \D I |,|(M-sinH) 
sin hi 



— sin 1 77 1 |u|sin|ry| 

1 — cos I77I |u|cosh| 

BO 

m — 1 



+ -^-(1 - cos |T7j) 



1 — cos |?7| — sin|ry| 
sin 1 77 1 1 — cos I77I 
OB 



\u\_ 
2 



1 - 



\v\ 



x u 



■sin|7y|)(- |u|sin|7 ? |)(2-2cos|r/|)"- 1 + - cos h|)(2 - 2 cos h|) n 



|u|_ 
2 



1 - 



sin h| 



1 sin |?7| 

2 ~ ~2\n\ 



\u\ 2 (2 - 2cos hi)"- 1 ((M - sin |r?|)(- sin |r?|) + (1 - cos \rj\f 



(2 -2 cos hi)"- 1 (2 -2 cos hi - h|sin|r;|) 



□ 



Corollary 3.2. 



A(u, V )^\u\ 2m \ v \ 2 ^ (27T-H) 



2ri-l 



(3.5) 

Proof. The asymptotic equivalence near \tj\ = and h| = 2n follows from a routine Taylor series computa- 
tion. 

It then suffices to show that A(u, 77) > for all < h| < 2ir. We have | — ""J^ > for all \r/\ > 0, since 
x > sinx for all x > 0. We also have 2 — 2 cos > for all < |r/| < 2ir. 

Finally, to show /(|r;|) := 2 — 2cos h| — |ry| sin |ry| > 0, let 6 = 5 Using double-angle identities, we have 
f(29) = 4 sin 6(s'm 9—9 cos 0). For < < n we have sin 9 > so it suffices to show g(9) := sin 9— 9 cos 9 > 0. 
But we have g(0) = and g'(9) = 9 sin 9 > for < 9 < ir. □ 

The heat kernel estimates will be used to prove a technical lemma regarding integrating the heat kernel 
along a geodesic. The proof requires the following simple fact from calculus, of which a close relative appears 
in [6]. 



Lemma 3.3. For any q £E IR, ciq > there exists a constant C = C' q ^ ao such that for any a > ao we have 

l>t—oo 1 

(3.6) 



2 



t q e~( at 1 dt<C^e- a 



Proof. Make the change of variables s — t to get 

nt—oo 



fe-^ dt= - s q e- a s ds 

where q' = . For q' < (i.e. q < 1), we have s q < 1 and thus 



s q e~ a s ds< I 

s=l J s=l 



a s ds= -^e- a 



For q' > 0, notice that integration by parts gives 



e 



s=oo 1 

q '*- a ' 2s ds= —e- a2 
— 1 a 2 

< V"" 



^ ps—oo 



f PS — 00 



si'^e-^'ds 
^'^e-^'ds 



J s=l 



whereupon the result follows by induction. 



□ 




Let B := {g : d(0,g) < 1} be the Carnot-Caratheodory unit ball. 



Lemma 3.4. For each q £ K there exists a constant C q such that for all u,r/ with $(^,77) £ B c , i.e. 
\u\ \r)\ > 1, we have 



* = M C 
" p 1 (u 1 tri)A(u 1 tri)t q dt < 



Pi(u,r])A(u,ri) 



(MM) 2 

< Cgpi(u, 77) A(u, rj) 



(3.7) 
(3.8) 



Note that (3.8 1 follows immediately from the stronger statement ( |3.7[ ), since by assumption |w| \q\ > 1. 
In fact, we shall only use (3.8 1 in the sequel. 



Proof. Assume throughout that |u| > 1 and < \rj\ < 2n. 

The proof involves the fact that a geodesic passes through (up to) three regions of G in which the 
estimates for pi and A simplify in different ways. We define these regions, which partition B c , as follows. 
See Figure [I] 

1. Region Ri is the set of ^(u,rj) such that < |?7| < tt. (Th is cor responds to having \x\ < \z\.) In this 
region we have |m| > — and tt < 2tt — < 2tt. Therefore (2.211 becomes 



and Corollary 3.2 yields 



A(u,rj) x |u| \rj\ 



so that 



Pl (u, rj)A{u, rf) x |u| m \ v \ 2n+m e -i(MM) a =: ^(u, 77). 
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2. Region R 2 is the set of <&(u,ri) such that 7r < < 2ir — -pW. (This corresponds to having \x\ 2 > \z\ 
and \x\ \z\ > 1.) In this region, we have |u| |?7| (2ir — \r/\) > ir 2 , so that 

Pl (u,rj) x \u\- m (27r~\r 1 \)- n+ h~^ u ^ 2 
A(u,r 1 ) ! k\u\ 2m (2n-\r 1 \r- 1 
Pl (u,ri)A(u,r)) x (2tt- — | ^ |) — i e ~ i C I ^1 1^7 1 ) 2 = . F 2 {u,rf) 

We shall use the estimates F 2l F 2 at different times. Although F 2 x F 2 (since |?7| x 1), they are not 
equivalent on R\. 

3. Region i? 3 is the set of <f>(u, ?y) such that \i]\ > max (it, 2ir — j^i^j- (This corresponds to having 
\ x \ \ z \ an d \%\ \z\ < 1.) In this region, we have \u\ 2 \r/\ 2 (2ir — \ij\) < (2ir) 2 , so that 

A(u, V )'k\u\ 2m (2 7 r-\ V \)^ 
Pl (u, V )A(u, V ) x 3 \u\ 2n+m - 1 (2n-\r 1 \) 2n ~ 1 e~i^^ 2 =: F 3 (u, V ) 

We observe that a geodesic starting from the origin (given by t t— > $(u,trj) for some fixed u,r?) passes 
through these regions in order, except that it skips Region 2 if |u| < tt^ 1 / 2 . 

We now estimate the desired integral along a portion of a geodesic lying in a single region. 

Claim 3.5. Let q G K. Suppose that F : G — > K zs gzven &y 

F(u,r?) = M Q M' 3 (2tt - l^e"^"^!) 2 

/or some nonnegative powers a,/3,7, and £/ia£ f/iere is some region R C G suc/i £/iai F x piA. T/ien iftere 
zs a constant C depending on q, F , R such that for all u, 77, to, ti, t 2 satisfying 

• 1 < To < n < t~2 < j^; and 

• <J>(u, £77) G i? /or a// i G [n, t 2 ] 

we fraue 

*=T2 g-i 

Pi (u, ty) A(u, t7?)t 9 dt < C ° Lh2 f(ii, ror?) . (3.9) 

t=Ti I" 



Proof of Claim 3.5 We have 



i — T2 rt — T2 

pi (u, trj)A(u, tr))t q dt < C F(u, trf)t q dt 

t — Ti J t — T± 



ft = T 2 

<C F(u,trf)t q dt 

Jt=Tn 



= C\u\ a \r,f f ^ t"+^{2^~t\r 1 \^e-^ u ^ 2 dt 

Jt=T 

<C\u\ a \r)f{2ir-T \r)\y f T2 t q+ Pe- L ^ tluM)2 dt 

Jt=T 
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since t > tq. We now make the change of variables t — t'r^\ 



pt'—OO 

< C \u\ a \ v f (2tt - r |r?|) 7 r 9+/3+1 / i/9+P e -Wn\u\\n\) 3 dt > 

Jt'=x 

< C \u\ a \vf (2* - r W )7^i _l_ e -i(^N|^ 

= C ' l\ M h2 F '( U ' T ? ?) 

M) 2 



where in the second-to-last line we applied Lemma 3.3 with a = iro |u| M> ao = 5. □ 
Now for fixed u, rj, let 



. 7T 

<9 := max 1. 



M 

t a := max \t 2 ,^- ( 2tt - 

\ M \ M 



so that 



®(u,tr]) e Ri for 1 < t < i 2 
$(ii, tyy) € i? 2 for t 2 < t < t 3 

2ir 

${u,trj) € i? 3 for * 3 < t < r7 . 

We divide the remainder of the proof into cases, depending on the region where ^(u, rj) resides. 
Case 1. Suppose that 77) S J?i. We have 

; W Z^* 2 / ,t=t3 /' t ='RT 

<p 1 (u,tri)A(u,tr{)t' 1 dt= / + / + / 

Jt=t 2 Jt=t 3 



For the first integral, where $(u,trj) e we have by Claim 3.5 (taking t = Ti = 1, t 2 = t 2 , R = Ri, 
F = Fi) that 

£ — £2 (J £jl 

Pi(u,tri)A(u,tvi)t q dt < F!(u,T}) < p 1 (u,r])A(u 7 i 1 ) 

=1 (MM) 2 (MM) 2 

since Fi x piA 

For the second integral, where <&(«, t?y) 6 i? 2 , we take r = 1, n = t 2 , t 2 = £3, R = R 2 , F = F 2 in Claim 
13.51 to obtain 

* = * 3 (J 

p 1 (u,tr))A(u,trj)t q dt < 71 - n - T ^F 2 (u, 77). 

t=t 2 

However, for ^(u, rj) £ i?i we have 

*iM) 

Thus 



= (27r-H)"-s<(27r) T 



t=*3 Ql 

p l {u,trf)A(u,tri)t q dt < F 1 (u,r]) 

t=t 2 (MM) 

c" 



(MM) 5 
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The third integral is more subtle. We apply Claim 3.5 with tq = T\ = i 3 , t 3 = £5, R = i? 3 , F = F- 



t=t 3 



Pi(«,tr;)A(u,t» 7 )t9 di < C f F 3 (u,t 3 r)) 

(\u\ \r]\) 2 



Then 



tg ^(H,^) = ^1 M 2n-1 |r?| -2„- m (2?r _ ts | r7 j ) 2r l -l e -i(|«||^|)-(*g-l)_ 



(3.10) 



Fi(u,rj) 

We must show that this ratio is bounded. Fix some e > 0. If \u\ > (n — e) -1 / 2 > 7r -1 / 2 , we have 
2tt - > 7T + e and thus t 3 = (2tt - ^ ] . Then 



-\4 



> (tt + e) 2 - 7T 2 = 2?re + e 2 . 



So in this case (3.101 becomes 



Fi(u,rj) 



H— 1 



9 -l 



1 i2n — 1 1 1 — 2n— rn ( 1 



e -|(l«ll'?l) 2 (t3-l) 



2tt 



1 



9-1 



2,1+1 \ n \-^-m-q+l e -i(\u\\ v \f(t 2 3 -l) 



< {2TiY- 1 \u\ m+q e-^ 

since \r]\ < t^t . This is certainly bounded by some constant. On the other hand, if |it| < (n — e)^ 1 / 2 , then 



1/2 



M > (tt- e) 1 / 2 and 1 < i 3 < ^J±f J , so that the right side of (3.101 is clearly bounded. 
Thus we have 

t= w C' 

Pi{u,tri)A(u,trf)t q dt < Fi(u, rj) 



HN) 2 



< 



rPi(w,??)^(u,??) 



This completes the proof of this case. 

Case 2. Suppose that <&{u,rj) e i? 2 - We have 



p 1 (u,tvi)A{u,tri)t q = 



*-*3 r t= rSt 



t=i Jt=t 3 



Note that in this region we have 1 < i 3 < 2. Again by Claim [375] with to = T\ = 1 and t 2 = i 3 , we have 



t — 1$ Q £JI 

Pi(u 1 tr])A(u,tvi)t q dt < F 2 (u,rj) < pi(u,rj)A(u,rj). 



(H\v\y 



For the second integral, we apply Claim 3.5 with tq = 1, t\ = t 3 , T2 = fr to get 



(Mi-zir 

'/I 



t=*3 



■p x (u,tri)A(u,trj)i q dt < 
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C 



; F 3 (u,r]). 



But \t}\ >2tt— on i? 3 , so we have 



^4 = N 2 - 1 (2 7 r-Mr-i 



Thus 



"" p 1 (u,tr 1 )A(u,tr ] )t< 1 dt < f F 2 (u,ri) 
t=t 3 (M H) 2 

C" 



Case 3. Suppose &(u,ri) S i? 3 ; we apply Claim 3.5 with tq = t\ = 1, T2 = t5 to get 



(NN) S 



"" pi(«, t»/)A(u, t^f 1 dt < C n t ]^ 2 F 3 (u, rf) < C' Pl (u, T])A(u, rj). 

t=i 



The three cases together complete the proof of Lemma |3.4| □ 



Notation 3.6. For / G C 1 (G), let rrif :— j ^ dm ^ w ^ ere B ^ s the Carnot-Caratheodory unit ball. . 

To continue to follow the line of [3 , we need the following Poincare inequality. This theorem can be 
found in |8] , and is a special case of a more general theorem appearing in |12] . 

Theorem 3.7. There exists a constant C such that for any f £ C°°(G), 

[ \f-m f \dm<C I |V/| dm. (3.11) 

J B J B 

Corollary 3.8. There exists a constant C such that for any f £ C°°(G), 

[ \f -m f \ Pl dm<C [ \Vf\pidm. (3.12) 

J B J B 

Proof, pi is bounded and bounded below away from on B. □ 
Lemma 3.9 (akin to Lemma 5.2 of [3]). There exists a constant C such that for all f G C, 

{ \f-m f \pidm<C [ \Vf\pidm. (3.13) 

J B c JG 

Proof. Changing to (u, rf) coordinates, we wish to show 

/ / \f($(u,r]))-mf\pi($(u,ri))A(u,r))dr]du<C \Vf\ Pl dm. 



(3.14) 



By an abuse of notation we shall write f(u, rf) for /(<I>(u, rf)),p\(u, rf) for pi(Q(u, 77)), V/(u, rf) for (V/) (<&(«, 77)), 
et cetera. 

Let g(u,rf) := / ^u,min (\r)\ , j^j Then g = f on B (in particular m g = mf), g is bounded, the 

function s 1— > g(u, srf) is absolutely continuous, and j^g(u, srf) — for s > j^j^y- 
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Now |/ — m/| < |/ — g\ + \g — mA. We first observe that for \u\ \r)\ > 1 we have 



\f(u,v) -g(u,v)\ = 



< 



s=l 




\Vf{u,8T})\ \u\ ds 



by (2.191. Thus 



\f-g\pi dm 



I/O, V) ~ 9 {u, v) I Pi (u, r))A(u, rf) drj du 



where the limits of integration come from the conditions |u| \rj\ > 1, \rj\ < 2ir; 



< 



l»l>& J \ri\>-ik Js =Wm 
s=l 



\Vf(u,sTj)\ \u\ \r)\pi(u,rj)A(u,ri) dsdrjdu 
|V/(u,s7y)| \u\ \r)\px(u,r))A(u,r)) drjdsdu 
by Tonelli's theorem. We now make the change of variables rf — srj to obtain 



s=l 



1 



\VfM)\\u\W 

1 



1 



\Vf(u,r,')\ \u\ - \rf\pj. [u,-rf)A[ u, -rf — drf dsdu 



1 A 1 



2- M- 
s=l 



.1"' 



l A l 



n px\u,-rf ) A[u, -rf ) ) dry' 



Make the further change of variables t —~ s to get 

|V/(u,r/)|M|7/ 



t=l 



Pi(M,/;77')A(u,t?7')f n ~ 1 dt d?/du. 



Applying Lemma |3.4| to the bracketed term gives 



| V/(u, »/) | t/)A(u, »/) dry' du 

<C"/ |V/| pi dm 

converting back from geodesic coordinates and using the fact that \u\ \i]'\ > 1. 

To complete the proof, we must show that J gC \g — mf\p\ dm < J G |V/|pi dm. Note that for <I>(i/,, 77) € 

B c , i.e. \u\ \r)\ > 1, we have g(u,rj) = / (u, p^j^), so 



/ \g~m f \ Pl dm= / / 



H>5¥ • / TCT<l'7l< 2 ' r 
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7y)j4(u, 77) drj du. 



(3.15) 



Change the rj integral to polar coordinates by writing rj — pi), where p > and 
Pi(u, rj), A(u, rf) depend on rj only through p and not rj. 



1. Note that 



C 

Now, for any s € [0, 1] we have 



p=2n 



/( U,yii) - ///, 



< 



Let 



£>(«) 



8=1 S ™-1 



s=0 



A 



ds. 



Pi(u, p)A(u, p)p m 1 dpdfjdu (3.16) 

(3.17) 
(3.18) 



By multiplying both sides of (3.17) by -g^y A ^tt, j^-J and integrating we obtain 



/ ( „ A ] _ m/ 



< 



1 



s rn-l 

R 



|«| 

s=l 
s=0 



A u 



f U, 7-rfj ) - flu, 7-rfj 



ds . 



f \ u > ) - m S 



Let 



R(u) := 



1 



D(u) J p= 



p=2ir 



Pi(w,p)^(w,p)p m 1 t^. 



Then substituting (3.19) into (3.161 and using (3.201 we have 



/ \g-mf\p 1 dm < h + h 



where 



h 



I«I>k Jfies™- 1 Js=o 

8=1 



|u|>4f JrjeS™- 1 ./s=0 



|U| 
s m-l 
1 i TTt 

\u\ 



a m—l 



A I u, - — r ds R(u) dfj du 
A I u, -, — r ) ds R(u) dfj du. 



(3.19) 

(3.20) 
(3.21) 

(3.22) 
(3.23) 



We now show that I\, I2 can each be bounded by a constant times f G | V/| p\ dm, using the following claim. 
Claim 3.10. There exists a constant C such that for all \u\ > ^ we have 



R(u) <C\2ti- 

Proof of Claim. First, by Corollary |3 . 2| we have 

s 



< (2tt 



,2n-l 



C. 



(3.24) 



D{u) :-- 



s=l m— 1 



> c 



8=0 l«l 

s=l m— 1 
1 l m 



— 2n — m 



8=1 



2m I «_ 

ul 



2(m+n) 



27T 



c 3m+2n- 1 



> C|u| 



-2n— m 



s=0 

8=1 



s=0 



2tt- 



|u 

2n-l 



ds 



ds 



„3m+2n-l fo^-^l r,^ 2 ™- 1 ^ s 



(27r(i- S )r 



since zt > 



2tt 



c br 2n - m 
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since the s integral is a positive constant independent of u. 

On the other hand, making the change of variables p = pr shows 



P=2tt 



Pl (u,p)A(u, P )p m 1 dp= \u\- 



H 

i=2jr|u| 



t 



Pl[u, r -r]A[U 



f"- L dt 



<C\u\- m Pl [u, T1 \A[u, 



by taking \rj\ — |^ in Lemma 3.4 Now pi ^w, p^-l is the heat kernel evaluated at a point on the unit sphere 
of G, so this is bounded by a constant independent of u. Thus by Corollary |3.2| we have 



p=2ir 



— m I i2m 



Pl (u, p)A(u, p)p m ~ 1 dp < C \u\- m \u\ 



<C[2tt 



1 

u\ 

2n-l 



2(m+n) 



-2n-m 



2tt- 



2n-l 



Combining this with the estimate on D(u) proves the claim. 



□ 



To estimate I\ (see (3.22 1), we observe that 



1 



< 



< 



t=l 



d 



\u\ 
t 

R 
t 

ktl 



r) 


eft 


i') 




•) 





by (2.191. Thus 



|m|>2^ Jfi£S m - 1 Js=0 Jt=s 
t=l 



l«l>sfe Jfies™- 1 Jt=o 



-.4 



(it <is (if) dit 



L .4 



(is I dtdrjdu. 



Now by Claim 3.10 and Corollary 3.2 we have for all t £ [0, 1] 



R(u) 



a" 1 ' 1 A 



s=0 



ds <C ^2tt - 
< C ^2tt - 
= C (2n 
= C ( 2tt 



1 

R 
f 

R 
t 

- C " A ' n ' R ' *" 



2n-l ,. s= t y x 2(m+n) 

a m-l, ,2m/ 



s=0 



(2tt 



3m+2n- 1 



2tt- 



ds 



2n-l 



(3.25) 
(3.26) 

ds 



2n-l 



| u |-2n t 3m+2r i 
2;i- i / , \ 2(m+n) 
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Thus 



A u 



t \ t 



dt dfj du 



Make the change of variables r = r-r: 



= C 
< C 



r=0 



= C / |V/| dm 

JB 

< t-^— I \Vf\pidm 



|V/ (u,rfj)\A(u,r)r m 1 drdf)du 



\Vf(u,rf))\A(u,r)r m drdfjdu 



infepi J B 

<C f \Vf\pidm. 
Jg 

where we have used the fact that p\ is bounded away from on B. 



For I2 (see (3.23 1), we have by Claim 3.10 that 

h < c [ I f ' 

Make the change of variables r = A : 
6 M 



-A u 



ds dfj du. 



= C 
< C 



M>5rf J v€S 



|/ (u,rfj) — m,f\r m 1 A(u,r)drdfjdu 



<jGR 2 " JriGS™- 1 Jr=0 

C I I / — rrif I dm 



|/ (it, n)) — m/| r m A(u,r) dr dfjdu 



< C f |V/| dm 

JB 



by Theorem 3.7 The inequalities ( 3.30 3.32 1 now show that I2 < C" J G |V/|pidm, as desired. 
Corollary 3.11. There exists a constant C such that for all f G C, 

/ 1/ - mf\Pi dm < C I \Vf\p 1 dm. 
Jg Jg 



Proof. Add (3.121 and (3.131. 



We can now prove some cases of the desired gradient inequality (2.161. 
Notation 3.12. Let D(R) = {(x, z) : \x\ < R} denote the "cylinder about the z axis" of radius R. 



(3.27) 



(3.28) 

(3.29) 
(3.30) 
(3.31) 
(3.32) 



(3.33) 



(3.34) 

(3.35) 
(3.36) 
(3.37) 

□ 

(3.38) 

□ 



Lemma 3.13. For fixed R > 0, (2.16) holds, with a constant C = C(R) depending on R, for all f € C 
which are supported on D(R) and satisfy m/ = 0. 
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Proof. 



((V - V)/)pi 



dm : 



/(V - V)pi 



G 



dm 
dm 

|/|M|V,pi| dm 



by integration by parts (2.17) 



< / |/| (V-V) Pl 



by (2.51 



<CR f |/| pi dm 

■/ G 

< C'i? / |V/| pi dm 
/g 



by (2.10); note z < R on the support of / 



by Corollary [3TTT] 



□ 



Notation 3.14. If T : G — > M2nx2n is a matrix-valued function on G, with fc£th entry a*^ , let V ■ T : G 
R 2n be defined as 

2n 



k,£=l 



Note that for / : G — > M we have the product formula 

V-(/T) =TV/ + /V-T. 



(3.39) 



(3.40) 



Lemma 3.15. For fixed R > 1, (2.16) holds, with a constant C = C(R) depending on R, for all f € C 
which are supported on the complement of D(R) . 



Proof. Applying (2.4 1 we have 



Vpi(x,z) = V K pi(x,z) + -J^ zPl(x . z) x. 

Now pi is a "radial" function (that is, pi(x, z) depends only on |x| and |z|). Thus we have that \7 x p±(x, z) 
is a scalar multiple of x, and also that V z pi(x,z) is a scalar multiple of z, so that Jy z p x (x,z) x is a scalar 
multiple of J z x. 

For nonzero x £ R 2 ™, let T(x) £ A/2nx2n be orthogonal projection onto the m-dimensional subspace of 
K 2n spanned by the orthogonal vectors J Ul x, . . . , J Um x. (Recall (J Ui x, J Uj x) — — (ui,Uj) \\x\\ 2 — —5ij\\x\\ 2 .) 
Thus for any z £ K m , T{x)J z x — J z x, and T(x)x — 0; in particular, 



Explicitly, we have 



T(x)Vpi{x, z) = \ jv zPl (x,z)x = x(V - V)pi(x, z). 



^ m 



(3.41) 



Note that |T(x)| = 1 (in operator norm) for all x ^ 0, and a routine computation verifies that |V • T(x) 
c_ 



|V X • T(x)| < ft. Indeed, the Hth entry of T(x) is 



^ m 



3 = 1 



that |X fc a w (x)| = |g|rMx)| < thus |V • T{x)\ < 3 =gp 
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Since pi decays rapidly at infinity, we have the integration by parts formula 

= / V • (/piT) dm = [ (/pi V ■ T + /TVpi + pi TV/) dm. 



(3.42) 



Thus 



((V - V)/>i dm 



/(V - V)pi dm 



/TVpi dm 



/ f Pl {V-T + TVf)dm 

JG 

<2 f \f\\V-T\ Pl dm+2 f \T\\Vf\ Pl dm 
Jg jg 

l/l pi dm + 2 / | V/|pi dm 



2C 



since on the support of /, we have |V ■ T\ < £t < ^, and |T| = 1. The second integral is the desired right 
side of (2.161. The first integral is bounded by the same by Corollary 3.11 where we note that irif = 



because / vanishes on D (R) D B. 

We can now complete the proof of Theorem |2.4| 



□ 



Proof of Theorem \2.4\ We prove (2.16) for general / e C. By replacing / by / — m/ G C, we can assume 
rrif = 0. 

Let ip £ C°°(G) be a smooth function such that ip = 1 on D(l) and ip is supported in D(2). Then 

/ = V/ + (i - vo/- 



■0/ is supported on D(2), so Lemma 3.13 applies to ipf- (Note that m^f — since ip = 1 on Z?(l) D i?.) 
We have 



(V-V)(V/)pidm 



<C / |V(^/)b!dm 

<c/ |V^| |/| pi dm + [ IVNV/Ip! dm 

JG JG 

^CsuplVV-l / |/|pi dm + C sup |^| / |V/|pidm. 
g Jg g Jg 



The second integral is the right side of ( 2.16| ), and the first is bounded by the same by Corollary 3.11 



Precisely the same argument applies to (1 — ip)f, which is supported on the complement of Z?(l), by 
using Lemma |3.15 instead of Lemma 3. 13| □ 



4. The optimal constant K 



We observed previously that the constant K in ( 2.12 ) can be taken to be independent of t. We now show 



that the optimal constant is also independent of t > 0, and is discontinuous at t = 0. This distinguishes the 
current situation from the elliptic case, in which the constant is continuous at t = 0; see, for instance [U 
Proposition 2.3]. This fact was initially noted for the Heisenberg group in [5], and the proof here is similar 
to the one found there. 



Proposition 4.1. For t > 0, let 



K„ v „tn : >u P { Jg^M :/€<:. ••: a. />,. T/i n ; n = "» 
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(4.1) 



Then K opt (0) = 1, and for all t > 0, K opt (t) = K opt > I is independent oft, so that K opt (t) is discontinuous 
at t = 0. In particular, K opt > yf^f ■ 

Proof. It is obvious that AT O pt(0) = 1. 

As before, by the left invariance of P t and V, it suffices to take g = on the right side of (4.1 1. To show 
independence of t > 0, fix t, s > 0. If / € C, then / := / o ip~ 1/2 G C and / = / o </J s i/ 2 ■ Then 



^(|V/|)(0) 



(VP t (/o^ 1/2 ))(0) 



V(/o^ sV2 ) (0) 





(V(P s J)o^ 1/2 )(0) 




Pt 




v/ 


O <p a l/ 2 


(0) 



s l/2 


(VP st /)(^ sl/2 (0)) 


s 1 / 2 ^ ( 


v/ 


)fov/>(o)) 



< ^opt(st). 



Taking the supremum over / shows that K opt (t) < _Ko P t(si). s was arbitrary, so -Kopt(i) is constant for 
i > 0. 

In order to bound the constant, we explicitly compute a related ratio for a particular choice of function 
/. The function used is an obvious generalization of the example used in [5] for the Heisenberg group. 

Fix a unit vector U\ in the center of G, i.e. u\ G x M. m C M. 2n+rn . We note that the operator L and 
the norm of the gradient |V/| 2 = |(L(/ 2 ) — 2fLf) are independent of the orthonormal basis {e^} chosen 
to define the vector fields {^Ci}; so without loss of generality we suppose that J Ul e\ — e 2 . Then take 

f(x, z) := (x, e\) + (z, Ui) (x, e 2 ) = x 1 + z 1 x 2 
|(VP/)(0)| 

m -p f (|v/|)(o)' 

Note that k(t) < K opt for all t. By the Cauchy-Schwarz inequality, 



k{t) 2 > k 2 (t) 



l(VP/)(0)r 



P 



|v/| 2 ) (0)' 



Since / is a polynomial, we can compute P t f by the formula Ptf = f + j\Lf + |yL 2 / + ■ • • since the 
sum terminates after a finite number of terms (specifically, two). The same is true of |V/| 2 , which is also 



a polynomial (three terms are needed). The formulas (2.3 1 are helpful in carrying out this tedious but 
straightforward computation. We find 



**(*) 



1 - 2t + (3n + 2)t 2 



which, by differentiation, is maximized at t max = 3^x3, with k 2 (t mllx ) = fSrf. S 

□ 



\/^2(imax) — y |^+f J 



this is the desired bound. 



5. Consequences and possible extensions 

Section 6 of [3] gives several important consequences of the gradient inequality ( |1.1| . The proofs given 
there are generic (see their Remark 6.6); with Theorem 2.4 in hand, they go through without change in the 
case of H-type groups. These consequences include: 
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• Local Gross-Poincare inequalities, or t^-Sobolev inequalities; 



• Chccgcr type inequalities; and 



• Bobkov type isoperimetric inequalities. 
We refer the reader to [3] for the statements and proofs of these theorems, and many references as well. 



It would be very useful to extend the gradient inequality ( 1.1 1 to a more general class of groups, such as 



the nilpotcnt Lie groups. However, this is likely to require a proof which is divorced from the heat kernel 



estimates (2.8 2.10 1 . Such precise estimates are currently not known to hold in more general settings, and 



could be difficult to obtain. A key difficulty is the lack of a convenient explicit heat kernel formula like (2. 7 1 



The author would like to express his sincere thanks to his advisor, Bruce Driver, for a great many helpful 
discussions during the preparation of this article. This research was supported in part by NSF Grants 
DMS-0504608 and DMS-0804472, as well as an NSF Graduate Research Fellowship. 
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